Load extrapolation is the paramount step in compiling load spectra of the mechanical components. To avoid the limitation of the stationary processes in parametric extrapolation methods, the non-parametric extrapolation method is widely investigated in recent years. However, the accuracy of kernel density estimation of the large load cycles in existing non-parametric methods should be still improved. Aiming at this issue, a non-parametric rain-flow extrapolation method based on load extension is presented. In this method, combining with non-parametric extrapolation model and Markov chain Monte Carlo method, the measured load-time histories for semi-axle in different operating sections are extended and extrapolated. The extrapolated load spectra curves and the relative damage ratio are compared with the results obtained by the existing rain-flow extrapolation methods. The results show that the proposed method can realize the reasonable extrapolation of load-time histories.
Introduction
Engineering vehicles such as mining truck, wheel loader, excavator, and pump truck are widely used for material exploitation and industrial construction. These vehicles always undertake heavy tasks and work in harsh environments. Particularly, the wheel loader will experience load change frequently during the operation of spading and loading. Hence, fatigue failure of the components of wheel loader often occurs. 1 Fatigue life test and prediction based on the load spectra are topics that have received continuous attention. Since the load measurement for wheel loader is very time consuming and of high cost, only short-term load-time histories (L-THs) can be obtained. However, the short-term L-THs do not contain the full-load characteristics in the whole service life. In order to use the measured LTHs to the fatigue test, load extrapolation is indispensable in the process of load spectra compilation.
The rain-flow counting method 2 is used to convert the measured L-THs into load cycles in rain-flow domain before load extrapolation. Recently, there are a variety of extrapolation methods for load cycles, such as parametric method and non-parametric method. 3 For the parametric rain-flow extrapolation (PRFE) method, probability distributions of load range and mean should be known. 4, 5 Considering the limitation of unimodal distributions in describing load statistical characteristics accurately, multi-modal distributions were applied to load extrapolation. 6, 7 Along with the wide use of non-parametric density estimation methods, a non-parametric rain-flow extrapolation (NPRFE) method based on kernel density estimation (KDE) was put forward. 8 To extrapolate large load cycles, extreme value theory was applied and a limiting rain-flow extrapolation (LRFE) method was proposed. 9, 10 Furthermore, an NPRFE method which involves the modification of extrapolated load values was studied. 11 In the modification process, Weibull distribution was used to fit load spectra curves. Besides, an evaluation criterion based on multi-criteria decisionmaking technology was provided to select the most appropriate model from the existing KDE models for NPRFE. 12 Compared with parametric models in the PRFE and LRFE, KDE model may be more suitable for the extrapolation of complex and random loads. It is datadriven as it does not need to make a hypothesis distribution for load samples and then the probability density of estimation point is obtained. However, the accuracy of KDE will be decreased if the load samples are not enough. 13 In order to extrapolate the measured L-THs with different amplitudes reasonably, NPRFE method based on load extension is proposed. First, considering the choice of kernel function, adaptive bandwidth matrix, and bandwidth calculation method, NPRFE model based on full bandwidth matrix (FBM) is built. Then, Markov chain Monte Carlo (MCMC) method is applied to extend the measured L-THs to obtain the optimal probability density by KDE. Based on this optimal probability density, the measured L-THs can be extrapolated with the anticipative fold. Furthermore, the measured L-THs for the semi-axle of a wheel loader are extrapolated. The validity of proposed method is evaluated through the extrapolated load spectra curves and relative damage ratio (RDR).
NPRFE modeling
The density estimation of the measured L-THs based on KDE is a critical step in NPRFE. Suppose that f is the probability density of d-dimensional random vector x and x 1 , x 2 , . . . , x n denote load samples from x,
T . Then the multivariate KDE of f (x) can be calculated by 14 f ðxÞ = 1 n
where
and H is a d 3 d bandwidth matrix. When the kernel function K(x) and bandwidth matrix H are determined, the density of random vector x can be estimated by equation (1) .
Selection of kernel function
The standard probability distribution functions are often selected as kernel functions. The shapes and expressions of univariate kernel functions, which are commonly used, are shown in Figure 1 and Table 1 . They express the influence extent of data near the density estimation point. To select an appropriate kernel function, a mixed normal density function is estimated by different kernel functions with adaptive bandwidth calculated by L-stage direct plug-in (LDPI) method. 14 Obviously, the KDE results (see Figure 2 ) are almost the same. Here, Gaussian kernel is selected in KDE model for load extrapolation. The expression of bivariate Gaussian kernel is
With equations (1) and (2), the KDE of f (x) based on Gaussian kernel can be calculated by 
In order to study the influence of different bandwidth values on KDE accuracy, the above mixed normal density function is estimated based on Gaussian kernel and different bandwidth values. As shown in Figure 3 , the estimated densities are close to the real values only when bandwidth is adaptive and reasonable; otherwise, it would result in a great error. In fact, the selection of bandwidth value cannot guarantee that the deviation and variance of KDE decrease at the same time. If the bandwidth value is too small, the data near estimation point will get a large probability, which will lead to small deviation but large variance. While the bandwidth value is too large, a wide range of data will have an effect on estimation point, which will lead to small variance but large deviation. 9 Since a bandwidth that is too large or too small will result in the decrease of KDE precision, the bandwidth is a key parameter in KDE model.
Determination of adaptive bandwidth matrix
The bandwidth matrix in bivariate KDE model can be selected from the following three forms: 15 1. Single bandwidth matrix (SBM):
2. Double bandwidth matrix (DBM):
Comparing with S 2 and D 2 , F 2 is more flexible and can guarantee the smoothness in any direction. Therefore, F 2 is selected as the form of bandwidth matrix in KDE model. The unknown parameters h 1 and h 2 in F 2 can be calculated by the calculating method of bandwidth, and h 12 is determined by 15 h 12 = w 12 h 1 h 2 ð4Þ L = r 11 r 12 r 12 r 22 ð5Þ
where L and w 12 are the covariance and the correlation coefficient of load samples, respectively. To guarantee the KDE precision of the measured L-THs, bandwidth values should be different in the sparse and dense areas. Thus, an adaptive factor h i 16 is introduced
where e is the sensitivity coefficient ranging from 0 to 1. Here, it is set to 0.5 in KDE model according to the recommendations in WAFO. 16 Besides, x i denotes the load which has an effect on the KDE of estimation point. It varies at different points, which will lead to the change of h i . The adaptive bandwidth matrix is
With equations (3) and (8), the adaptive KDE model is given bŷ
Comparisons of the calculating methods of bandwidth
To select the optimal calculating method of the bandwidth values h 1 and h 2 , least squares cross-validation (LSCV) method, 17, 18 biased cross-validation (BCV) method, 19 rule-of-thumb (ROT) method, 20 and LDPI method 14 are compared. Four bivariate density functions F 1 , F 2 , F 3 , and F 4 [21] [22] [23] [24] are provided to analyze the performance of the above four calculating methods.
First, samples with size N (N = 20, 50, 100, 200, and 500) are generated randomly from the above four bivariate density functions. Then the densities are estimated by KDE with 100 repetitions. The results are shown in Table 2 . It is observed that the mean values of root-mean-square error (RMSE) in ROT are larger than those in other calculating methods. To compare the calculation results of the above methods visually, the box plots of log e (RMSE) for the above four density functions with sample size N = 500 are drawn. For each density function in Figure 4 , the median and interquartile range values of log e (RMSE) in LDPI are almost the same as those in LSCV and BCV. However, there are many outliers caused by LSCV and BCV. Thus, ROT will result in large deviation. LSCV and BCV will result in large variance. LDPI may be a good choice for calculating bandwidth.
In addition, the comparison of computation time of four calculating methods is shown in Table 3 . It shows that LDPI and ROT are less time consuming than LSCV and BCV. Combining the KDE accuracy and the computational efficiency, LDPI method is selected to calculate the parameters h 1 and h 2 .
NPRFE method based on load extension
The KDE precision and load extrapolation accuracy are influenced by load samples as well as the NPRFE model. Only when the load cycles are enough, the KDE precision can be guaranteed. Compared with medium and small load cycles, large load cycles will lead to a large amount of fatigue damage although it does not occur frequently (see Figure 5) . Thus, MCMC simulation is used to extend the measured L-THs to improve the KDE precision and extrapolation accuracy of load cycles. 
Brief overview of MCMC simulation
For arbitrary n 2 T , the discrete-time series fX n , n = 0, 1, 2, . . . g is called a Markov chain; if for all i 0 , i 1 , i 2 , . . . , i n 2 I, the following is true 25 PfX n = i n jX
where p ijn is called one-step state transition probability, which is the condition probability from state i nÀ1 at time n À 1 to state i n at time n. The Markov chain can be called as homogenous Markov chain if it does not depend on time unit, which implies that
Thus, the homogeneous one-step state transition probability p ij = p ijn , and p ij satisfies the following conditions: 0 p ij 1 and P j = 1 p ij = 1, i = 1, 2, . . . , n. Moreover, the one-step transition probability matrix P is
Regarding the measured L-THs for semi-axle, the Markov chain model can be created by extracting turning points 26 X t f g= X t 1 , X t 2 , X t 3 , X t 4 , . . .
where l 1 , l 2 , . . . represent the local minimum points, while L 1 , L 2 , . . . represent the local maximum points. According to the load cycles counting, Markov matrix F is obtained, and it can be converted into the one-step transition probability matrix by
Then the stationary distribution of Markov chain model is created by calculating the one-step transition probability, and the extension of random load samples based on Monte Carlo is obtained.
Extrapolation of the extended load
The steps of NPRFE method based on load extension are shown as follows. converted into load cycles in rain-flow domain by rain-flow counting method. Considering that the small load cycles have little effect on fatigue damage, the load cycles below a certain threshold should be filtered. For example, the load cycles with a range less than 10% or 50% of the maximum load cycle can be eliminated, 27, 28 or the 50% of the material endurance limit can be set as the filtering threshold. 29 The 10% of the maximum load cycle is selected as the threshold to remove small load cycles. 3. Density estimation. The density of load cycles in rain-flow domain is estimated according to NPRFE model created at section ''NPRFE modeling'', and the optimal probability density of load samples can be obtained.
Rain-flow matrix (RFM) extrapolation.
According to the optimal probability density, Monte Carlo method is used to generate new load cycles randomly, and the RFM is extrapolated with certain folds.
The flowchart of NPRFE method based on load extension is shown in Figure 6 . 
Case study
This article takes wheel loader as an example to verify the proposed NPRFE method. The measured L-THs for semi-axle in spading section and back section with full load are selected (see Figures 7 and 8 ). Through rain-flow counting and small load cycles filtering methods, rain-flow matrices (RFMs) in two operation sections are obtained (see Figure 9 ).
Direct NPRFE for L-THs
To demonstrate the performance of the FBM-based NPRFE model, the densities of the measured RFMs are estimated by direct NPRFE method which only uses the FBM-based NPRFE model without load extension. Then the measured load cycles are extrapolated with 10 folds and the results are shown in Figure  10 . Compared with RFMs shown in Figure 9 , the extrapolated RFMs include a lot of new load cycles. However, it is difficult to evaluate whether they are reasonable or not.
Here, load spectra curve is applied to describe the effect of extrapolation. At the same time, the measured load cycles are also extrapolated by the existing SBMbased NPRFE model and ''mileage extrapolation'' method which means that the measured load cycles are only duplicated for several folds. The comparisons of different extrapolation curves in two sections are shown in Figure 11 . Compared with the SBM-based NPRFE curve, the FBM-based NPRFE curve is more close to mileage extrapolation curve in medium and small load cycles. Thus, it can be deduced that the FBM-based NPRFE model is more reasonable and accurate than the SBM-based NPRFE model.
Considering that the LRFE method can obtain a good extrapolation effect in large load cycles, the direct NPRFE method should be compared with it, especially in large load cycles. The load spectra curves extrapolated by LRFE method and direct NPRFE method with 10 folds are shown in Figures 12. For both the sections, the extrapolation of the measured load cycles by direct NPRFE method is repeated 10 times, and 10 different load spectra curves are obtained. According to the part of the large amplitude in load spectra curves, almost all of the amplitude values extrapolated by direct NPRFE are larger than those extrapolated by LRFE. Therefore, the direct NPRFE method is not very perfect for extrapolating large load cycles.
NPRFE method based on load extension for L-THs
Aiming at improving the extrapolation effect of large load cycles, the NPRFE method based on load extension is applied and verified. When more load samples are extended, then higher accuracy of KDE can be guaranteed. However, the extrapolated results are perfect when the measured load samples are extended with 100 folds in this case. Extension more than 100 folds is time consuming and meaningless. Considering computation time, the extended fold is set to 100 here.
After extension, load preprocessing, density estimation, and extrapolation with 10 folds for the measured L-THs for the semi-axle in spading section and back section with full load, the RFMs are obtained and shown in Figure 13 .
Similarly, the LRFE method is used as reference. The load spectra curves extrapolated by LRFE method and NPRFE method based on load extension with 10 folds are shown in Figure 14 (the NPRFE method based on load extension is repeated 10 times). According to the part of the large amplitude in load spectra curves, all of the amplitude values obtained by proposed NPRFE method are similar to LRFE results. Compared with the results shown in Figure 12 , the extrapolation performance for large load cycles is obviously improved.
To verify the validity of extrapolation effect of this new method further, extrapolation with 100 folds is also simulated (see Figure 15) . Compared with direct NPRFE, NPRFE method based on load extension is more reasonable because its extrapolation results are more close to LRFE results in large load cycles. Similar to the load spectra curve, the damage is another evaluation indicator for the validity of proposed NPRFE method. Nominal stress method is commonly applied for fatigue life calculation of mechanical components. For the measured L-THs, the nominal damage is calculated. Basquin's equation of Waller curve is
where N i is the number of load cycles of fatigue failure under a certain load amplitude. S i is a certain load amplitude, t is related to the materials of components, and g is damage index which reflects the types of components. The damage D caused by load cycles with different amplitudes is obtained according to PalmgrenMiner rule
where n i is the frequency of S i . Here, RDR C (equation (17)) is used to compare the performance of different rain-flow extrapolation methods. It can be calculated by
where g is generally determined by experience. For the components with smooth surface, g = 7. 30 The damage index of the semi-axle of wheel loader is also set to seven here.
L-THs for semi-axle are extrapolated by LRFE, direct NPRFE, and NPRFE method based on load extension with fold x (x = 10, 20, ., 100), and then the RDR values caused by these extrapolation load cycles are acquired. Figure 16 shows that the RDR values calculated by NPRFE method based on load extension are more close to LRFE results than those calculated by direct NPRFE. Thus, NPRFE method based on load extension can realize a reasonable extrapolation.
Discussion
As previously stated, both the extrapolation model and the size of the measured L-THs are critical in the process of NPRFE. To achieve the reasonable extrapolation of the measured L-THs, these two factors are taken into account in this article.
LRFE method has the advantage in extrapolating large load cycles. In this method, large load cycles' extrapolation is based on peak over threshold model. Generalized Pareto distribution is used to fit the large load cycles above a threshold, and then the probability distribution is obtained. Through probability multiplied by total frequency, the extrapolation load cycles are obtained. When the threshold and parameter estimation method in that model are the same, the load spectra curve after extrapolation will not change.
NPRFE method based on load extension does not need to assume that the load samples obey a certain distribution. In this method, MCMC method is used in load extension, and Monte Carlo method is used in RFM extrapolation to generate new load data randomly. When the NPRFE method based on load extension is repeated 10 times, the load spectra curves are diverse (see Figure 14) . It reflects the randomness of load samples. Compared with LRFE method, NPRFE method based on load extension can obtain a reasonable extrapolation, and the superiority of data-driven property of KDE is retained. Thus, NPRFE method based on load extension may be better than LRFE method for the extrapolation of random and complex L-THs.
The L-THs analyzed here are obtained from the load measurement for the semi-axle of a wheel loader. In the process of measurement, 100 data points are gathered per second, and the total time of each section is 750 s. Thus, 75001 data points were gathered and used for analysis. They satisfy the demands of MCMC simulation, and the final extrapolation effect is perfect. However, if the load samples are too small and cannot reflect their distribution characteristics, the extrapolated results are unreasonable even though MCMC simulation is done in the process of extrapolation. If the load samples are large enough and meet the demands of KDE, MCMC simulation seems to be unnecessary for load extrapolation. Therefore, further research may be emphasized on the load extrapolation considering the influence of the size of original samples.
Conclusion
Load extrapolation is the crucial step in compiling the long-term load spectra of mechanical components for fatigue life prediction and bench test loading. NPRFE method based on KDE was gradually investigated in recent years as its extrapolation process is data-driven. However, the estimation accuracy of this method in large load cycles is limited and still needs to be improved. To overcome this problem, this study proposed an NPRFE method based on load extension.
The measured L-THs for the semi-axle of a wheel loader in spading section and back section with full load were used as an example to verify the reasonability and effectiveness of the proposed method. The comparison results between the FBM-based NPRFE curve and the SBM-based NPRFE curve show that NPRFE model greatly influences KDE precision and extrapolation accuracy. The comparison results between direct NPRFE and NPRFE method based on load extension show that the size of load samples has a great effect on the extrapolation of the measured L-THs. Based on load extension, the proposed method, which takes NPRFE model and the size of load samples into account, can realize a reasonable extrapolation for large load cycles as well as other cycles. Because any parametric distribution is not applied for fitting load samples in the proposed NPRFE method, it can decrease the subjectivity and prejudice. Besides, as NPRFE method based on load extension is not restricted by sample distribution, it may be flexibly used in the extrapolation of random and complex loads.
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